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The general condition that characterizes the possibility of action’s extension over a comple-
tion of a phase space is formulated and an example of a G-space that has no Dieudonné
complete G-extensions is given. Suﬃcient conditions (different kinds of rectangular con-
ditions in products) for the action’s extensions over the Stone–Cˇech compactiﬁcation,
the Hewitt realcompactiﬁcation and the Dieudonné completion of a space are presented.
Boundedness, uniform equicontinuity and quasiboundedness of actions are characterized
as action’s uniform continuity on the (piecewise) semi-uniform product. From this point of
view the origin of different examples of action’s extensions are explained.
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1. Introduction and preliminaries
The investigation of action’s extensions started with the following compactiﬁcation problem: whether any G-space is
G-Tychonoff (has compact G-extension)? This problem is satisfactory solved. J. de Vries characterized G-Tychonoff spaces
using uniform structures and a concept of bounded action. M. Megrelishvili established a one-to-one correspondence be-
tween compact G-extensions and totally bounded equiuniformities. He also constructed the ﬁrst example of a G-space
which is not G-Tychonoff [15]. For some unsolved problems see [18].
One of the ways to construct extensions of a topological space X is to complete it with respect to uniformities on it. All
Dieudonné complete extensions of X are obtained in such a way, and completions over which the action α : G × X → X
can be continuously extended will be called G-extensions. Suﬃcient condition (quasiboundedness of action) when the action
can be extended over the completion of a phase space was introduced by Megrelishvili. Quasibounded actions generalize
both bounded and uniformly equicontinuous ones. Moreover, quasiboundedness also guarantees the possibility of action’s
extension over the completion of the acting group in two-sided uniformity. The existence of uniformities on a G-space with
respect to which the action is quasibounded characterizers the case when the G-space is G-Tychonoff.
Dealing with action’s extensions the extension theorem and the principle of the extension of identities are the most
general tools.
Extension theorem. (See, for example, [3, Ch. II].) Let X and Y be dense subsets of X˜ and Y˜ respectively. The continuous map
F : X × Y → Z into a complete uniform space Z can be extended to a continuous map F˜ : X˜ × Y˜ → Z iff for any point (x, y) ∈ X˜ × Y˜
the image of the trace Nx( X˜)|X × Ny(Y˜ )|Y on X × Y of the neighborhood ﬁlter basis Nx( X˜) × Ny(Y˜ ) is a Cauchy ﬁlter basis in Z .
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f , g : X → Y the set {x ∈ X: f (x) = g(x)} is dense in X , then f = g .
From the principle of the extension of identities it follows that if for an action α : G × X → X there is its continuous
extension α˜ : G˜ × X˜ → X˜ where G˜ is a topological group, then α˜ is an action. Indeed, for the unit e ∈ G the equality
α˜(e, x) = x for any x ∈ X is an immediate consequence of the formulated principal. Let g = h1h2 for g,h1,h2 ∈ G˜ . Then the
maps F j : G˜ × G˜ × X˜ :→ X˜ , j = 1,2, where
F1(h1,h2, x) = α˜
(
h1, α˜(h2, x)
)
and F2(h1,h2, x) = α˜(g, x)
coincide on the dense subset G × G × X of G˜ × G˜ × X˜ . Hence, F1 = F2.
Using these results, in Section 2 the general condition for the action’s extension is formulated. An example of a G-space
that has no Dieudonné complete G-extensions is given in Theorem 3.8. It is constructed by A. Sokolovskaya [24].
Another approach in our research is connected with the study of uniform structures on the product G × X which provide
an extension of an action α : G × X → X . In Section 3 it is shown that different kinds of rectangular conditions in products
guarantee the possibility of actions’ extensions over the Stone–Cˇech compactiﬁcation, the Hewitt realcompactiﬁcation and
the Dieudonné completion. This situation is illustrated by the recent examples.
In Section 4 we use semi-uniform product G ∗ X introduced by J. Isbell to characterize bounded and uniformly equicon-
tinuous actions α : G × X → X as uniformly continuous maps. We introduce the notion of a (piecewise) semi-uniform
product for the purpose to characterize quasibounded actions. These characterizations allow to sharpen earlier results and
to widen the area of their usage.
All spaces are assumed to be Tychonoff, maps are continuous and notations and terminology are from [7]. We have the
following conventions: all neighborhoods are open, clX A is the closure of a set A in the space X , C(X) is the family of
continuous maps of X into reals R and C∗(X) is the family of bounded continuous maps of X into R. For f ∈ C(X) we
denote by oscA f the oscillation of f on A ⊂ X . We denote I = [0,1].
The uniform structures on spaces are introduced by families of covers [11] and are compatible with their topology. For
a uniform space (X,U) we denote by X˜ or X˜U the completion of X with respect to the uniformity U and by U˜ the extended
uniformity on X˜ . For X ⊂ Y the restriction of the uniformity U on Y to X is denoted by U |X . The notation U > V means
that V ⊂ U . We denote by μX , νX and βX the Dieudonné completion, the Hewitt realcompactiﬁcation and the Stone–Cˇech
compactiﬁcation of X respectively.
For a space X and its Dieudonné complete extension X˜ let U( X˜) be the poset of all uniformities on X the completion
with respect to which is X˜ . Evidently, it is the set of restrictions to X of all complete uniformities on X˜ . Denote by Umax( X˜)
the maximal element of U( X˜).
For covers u = {Uα: α ∈ A} and v = {Vβ : β ∈ B} the notation u  v means that u is the reﬁnement of v . We set
u∧M = {Uα ∩M: α ∈ A} for the subset M , u∧ v = {Uα ∩ Vβ : α ∈ A, β ∈ B}, clu = {clUα: α ∈ A} and ⋃u =⋃{Uα: α ∈ A}.
For an onto map f : X → Y and covers u = {Uα: α ∈ A} of X and v = {Vβ : β ∈ B} of Y we denote by f (u) = { f (Uα): α ∈ A}
the cover of Y and by f −1(v) = { f −1(Vβ): β ∈ B} the cover of X .
If G is a topological group, then R, L and L ∨ R are the right, the left and the two-sided uniformities respectively.
By G¯R or G¯ , G¯L , Gˆ the completions in right (Weil completion), left and two-sided uniformities [21] are denoted. Let us
note that Gˆ is naturally embedded into G¯R and G¯L [21, Ch. 10, Embedding Theorem 10.9]. By NG(g) the neighborhood
ﬁlter basis at g ∈ G is denoted and e is the unit in G .
A topological transformation group (or simply a G-space) is a triple 〈G, X,α〉 where G is a topological group, X is a topo-
logical space (phase space) and α is an action of G on X (i.e. α : G × X → X such that α(e, x) = x, where x ∈ X , and
α(g,α(h, x)) = α(gh, x), for all g,h ∈ G and x ∈ X ).
Recall that the uniformity U on a G-space X is saturated if the map αg : X → X , αg(x) := α(g, x) is uniformly con-
tinuous [14] for any g ∈ G . We put O A =⋃{α(g, x): g ∈ O , x ∈ A} for O ⊂ G and A ⊂ X . For g ∈ G or O ∈ NG(e) and
u = {Uα: α ∈ A} ∈ U we put gu = {α(g,Uα): α ∈ A} and Ou = {α(O ,Uα): α ∈ A} respectively.
A subset X of Y is called relatively pseudocompact [19] or bounded [25] if any function f ∈ C(Y ) is bounded on X .
A map f : X → R is b f -continuous if its restriction to each bounded subset of X has a continuous extension to X . Recall
that a space X is called a b f -space if every real-valued b f -continuous map is continuous. Locally pseudocompact spaces (in
particular, locally compact spaces), ﬁrst countable spaces (so metrizable spaces), kR -spaces (spaces where a real-valued map
is continuous whenever its restriction to every compact subset is continuous), and k-spaces are b f -spaces.
A space X is called hemibounded if there exists a countable family F of bounded subsets of X such that each bounded
subset of X is contained in some element of F .
2. General condition of action’s extension
Theorem 2.1. Let X˜U be a Dieudonné complete extension of a G-space X.
(A) X˜U is a G-extension iff for any uniformity U ∈ U( X˜) the following condition holds:
(F) for any Cauchy ﬁlter F in X and any g ∈ G the family {O F : O ∈ NG(g), F ∈ F} is a basis of a Cauchy ﬁlter in X.
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α˜ : G˜ × X˜ → X˜ iff
(FF) for any Cauchy ﬁlters F in X and T in G the family {T F : T ∈ T , F ∈ F} is a basis of a Cauchy ﬁlter in X.
Proof. Necessity. Let U˜ be the extension of U ∈ U( X˜). Each minimal Cauchy ﬁlter in X (respectively G) is the trace on X
(respectively G) of the neighborhood ﬁlter in X˜ (respectively G˜).
Since X˜ is the G-extension of X (respectively there is an extension α˜ : G˜× X˜ → X˜), from the extension theorem it follows
that for any minimal Cauchy ﬁlter F in X and any g ∈ G (respectively minimal Cauchy ﬁlter T in G) the family {O F : O ∈
NG(g), F ∈ F} (respectively {T F : T ∈ T , F ∈ F}) is a basis of a Cauchy ﬁlter in X . Thus condition (F) (respectively (FF))
evidently follows.
Suﬃciency. The fact that the extension α˜ : G × X˜ → X˜ (respectively α˜ : G˜ × X˜ → X˜) is well deﬁned and continuous
immediately follows from the extension theorem and the principle of the extension of identities. 
Remark 2.2. If X˜U is a Dieudonné complete extension of a G-space X , then X˜U is a G-space iff for any uniformity U ∈ U( X˜)
on X the following conditions hold:
(1) for any Cauchy ﬁlter F in X and any g ∈ G the family {gF : F ∈ F} is a base of a Cauchy ﬁlter in X ;
(2) for any Cauchy ﬁlter F in X the family {O F : O ∈ NG(e), F ∈ F} is a base of F in X .
Corollary 2.3. There is a one-to-one correspondence between the Dieudonné complete G-extensions X˜ of X and the classes of unifor-
mities U( X˜) each representative of which satisﬁes condition (F). Moreover, the maximal elements Umax( X˜) that satisfy condition (F)
are saturated.
Proof. Only the last statement needs explanation. In fact, the maximal element Umax( X˜) is the restriction to X of the ﬁne
uniformity on X˜ which is saturated. 
Proposition 2.4. Let uniformities U and V on a G-space X be such that:
(a) X˜U is embedded in X˜V ,
(b) U is saturated,
(c) X˜V is a G-space.
Then X˜U is a G-space.
Proof. Since the map αg : X → X is uniformly continuous with respect to U , it is extended to the map of X˜U onto X˜U ,
g ∈ G . Hence, the subset X˜U of X˜V is invariant. It remains to note that the restriction of the continuous action to the
invariant subset is continuous. 
For every inﬁnite cardinal m denote by Mm the family of metrizable spaces of weight m, M0 – the family of metriz-
able compacta, M∞ – the family of all metrizable spaces. Uniformities on spaces from Mm , m= 0,ℵ0, . . . ,∞, are assumed
to be ﬁne. For a space X let Um be the initial uniformity on X with respect to the maps f : X → M where M ∈ Mm [13,
Section 2].
We denote U0 by Uβ , Uℵ0 by Uν and U∞ by Uμ and have X˜Uβ = βX , X˜Uν = νX and X˜Uμ = μX .
Lemma 2.5. If the precompact reﬂections [11, Ch. 2, Theorem 31] of uniformities U and V on X coincide and U > V , then X˜U is
embedded into X˜V .
Proof. Let Us be the precompact reﬂection of U (or V). We shall show that X˜U is embedded into X˜Us .
Evidently X is embedded in X˜U . Let U˜ be the extension of U on X˜U . Then the precompact reﬂection of U˜ coincides
with U˜s which is the extension of Us on X˜U . Thus, the Samuel compactiﬁcation Xs of X˜U with respect to U˜ is the Samuel
compactiﬁcation of X with respect to U . Hence, X˜U is embedded into Xs . Let iU be the injection of X˜U into Xs .
By the same argument X˜V is embedded in Xs . Let iV be the injection of X˜V into Xs . Since U > V , there is a uniformly
continuous map h : X˜U → X˜V . Evidently iU = iV ◦ h. From this it follows that h is an embedding. 
From Lemma 2.5 we have
Proposition 2.6.
μX = X˜Uμ ⊂ · · · ⊂ X˜Um ⊂ · · · ⊂ X˜Um1 ⊂ · · · ⊂ νX = X˜Uν ⊂ βX = X˜Uβ
for ∞mm1  ℵ0 .
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From Propositions 2.4 and 2.6 we have
Corollary 2.8. Let X be a G-space.
(a) If X˜Um is a G-extension of X , then X˜Um1 is also a G-extension of X for m1 m.
(b) In particular, if βX is the compact G-extension of X , then νX is the G-extension of X ;
if νX is the G-extension of X , then μX is the G-extension of X .
3. Rectangularity of products and actions’ extensions
An open subset U × V of X × Y is a cozero-set rectangle if U and V are cozero-sets in X and Y respectively.
Deﬁnition 3.1. ([13, Corollary 3.8]) The product X × Y is m-rectangular if for any u ∈ Um(X × Y ) there exists a σ -locally
ﬁnite cover v ∈ Um( X˜Um × Y˜Um ) of cardinality  m, consisting of cozero-set rectangles, such that v ∧ (X × Y )  u, m =
0,ℵ0, . . . ,∞ (by cardinality  0 we mean “ﬁnite” and ∞ means that there is no restriction on the cardinality of covers).
Theorem 3.2. If the product G × X is m-rectangular, then any action α : G × X → X has the extension over X˜Um .
Proof. If the product G × X is m-rectangular, then G˜ × XUm(G×X) = G˜Um(G) × X˜Um(X) [13, Theorem 3.9]. The map α : G ×
X → X˜Um is uniformly continuous with respect to the uniformities Um(G × X) on G × X and U˜m on X˜Um(X) and has the
extension α˜ : G˜ × XUm(G×X) → X˜Um . Hence, its restriction to G × X˜Um is the required extension. 
• (Z. Frolík) A map f ∈ C∗(X × Y ) satisﬁes the rectangle condition if for any  > 0 there is a ﬁnite cover w of X × Y by
cozero-set rectangles such that oscW f <  for any W ∈ w . The product is said to satisfy the rectangle condition if every
map f ∈ C∗(X × Y ) satisﬁes the rectangle condition.
• (A. Chigogidze) The product X × Y is strongly rectangular if every countable normal open cover of X × Y is reﬁned by
a countable cover consisting of cozero-set rectangles.
• (B. Pasynkov) The product X × Y is rectangular if every normal cover of X × Y is reﬁned by a σ -locally ﬁnite cover
consisting of cozero-set rectangles.
By Remark 3.6 [13] the rectangle condition, strong rectangularity and rectangularity coincide with 0-rectangularity,
ℵ0-rectangularity and ∞-rectangularity respectively.
Corollary 3.3. If the product G × X is rectangular (respectively strongly rectangular, satisﬁes the rectangle condition), then any action
α : G × X → X has the extension over μX (respectively νX, βX ).
For a uniform space Y we denote by C(X, Y ) continuous maps of X into Y with the topology and uniformity of uniform
convergence.
Lemma 3.4. Let X be a b f -space and B be a bounded subset of Y . Then
clβ(X×Y )(A × B) = clβX A × clβY B for any bounded subset A ⊂ X
iff any map f : X × Y → Z , where Z is a complete uniform space, satisﬁes the following condition:
the exponential map ( f |X×B)∗ : X → C(B, Z) of the restriction f |X×B of f to X × B is continuous.
In particular, if Y is a pseudocompact space, then
clβ(X×Y )(A × Y ) = clβX A × βY for any bounded subset A ⊂ X
iff the projection X × Y → X is z-closed.
Proof. Necessity. For any map f ∈ C(X × Y , Z), where Z is complete, there is its extension μ f : μ(X × Y ) → Z . From the
proof of necessity in Theorem 4.4 [13], Corollary 4.5 [13] and the conditions of lemma it follows that
clμ(X×Y )(A × B) = clβ(X×Y )(A × B) = clβX A × clβY B = clμX A × clμY B.
Put g = μ f |clμX A×clμY B . Since clμY B is compact the exponential map g∗ : clμX A → C(clμY B, Z) is continuous. Evidently
C(clμY B, Z) ⊂ C(B, Z). Since clμX A is compact, any continuous real-valued map from clμX A is extendable to a continuous
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Therefore, there is an extension g˜∗ : μX → C(B, Z) (any continuous map on clμX A into a Tychonoff space is the diag-
onal product of real-valued maps). The restriction of g˜∗ to X coincides on A with ( f |X×B)∗ . Thus, the exponential map
( f |X×B)∗ : X → C(B, Z) is b f -continuous. Since X is a b f -space, ( f |X×B)∗ is continuous [23, Lemma 3.3].
Suﬃciency is a consequence of Theorem 4.4 from [13].
In a special case when Y is pseudocompact it is enough to apply [28, Ch. 8, Theorem 8.6]. 
Corollary 3.5. Any action α : G × X → X
(A) of a locally compact group G on an arbitrary Tychonoff space X has an extension over μX [17];
(B) of a hemibounded b f -group G on a hemibounded b f -space X has an extension over νX ;
(C) of a locally pseudocompact group G on a b f -space X has an extension overμX. Moreover, the action can be extended to the action
of group G¯ on μX [2, Theorem 4];
(D) of a b f -group G on a pseudocompact space X has an extension over βX [8, Theorem 3.6];
(E) of a pseudocompact group G on a pseudocompact space X has an extension over βX [1, Theorem 2.10]. Moreover, the action can
be extended to the action of group G¯ on βX [22, Theorem 2.4].
Proof. (A) For a Tychonoff space X the product X × Y is rectangular for any Tychonoff space Y iff X is locally compact and
paracompact [9, Theorem 3]. The rest follows from Corollary 3.3.
(B) The product of a hemibounded b f -space X and a hemibounded b f -group is strongly rectangular [13, Theorem 5.6].
The rest follows from Corollary 3.3.
(C) Let G be a locally pseudocompact group and H is its closed subgroup. Then the product G/H × X is rectangular for
any b f -space X [13, Theorem 5.1]. The last statement follows from [6, Theorem 3.3], where it is shown that μG = G¯ for
a locally pseudocompact group, and Corollary 3.3.
(D) Follows from Lemma 3.4 and Corollary 3.3 taking into consideration, for example, Corollary 4.6 [13] and Theo-
rem 3.36 [12].
(E) The product of a pseudocompact space and a pseudocompact group is pseudocompact [25, Corollary 2.14]. Hence,
it satisﬁes the rectangle condition (see, for example, [28, Ch. 8, 8.14]). The rest follows from [5, Theorem 1.2], where it is
shown that βG = G¯ for a pseudocompact group, and Corollary 3.3. 
Remark 3.6. If G is a hemibounded b f -group, then μG is a hemicompact kR -space which coincides with νG and, moreover,
every compact subset of μG is contained in the closure (in μG) of some bounded subset of G [4, Proposition 3.1]. In [25,
Corollary 2.30] it is shown that if A is a bounded subset of a topological group G , then Uμ(G)|A = UL∨R(G)|A . Hence,
νG is embedded into Gˆ . Besides, νG is an Fσ -subset of Gˆ and G is Gδ-dense in νG . Hence, νG is a topological group as the
Gδ-closure of G in Gˆ .
From this it follows, that in Corollary 3.5 (B) any action α : G × X → X of a hemibounded b f -group G on a hemibounded
b f -space X has extension to the action α˜ : νG × νX → νX .
From Corollary 2.8 we have
Corollary 3.7. If the product G × X is m-rectangular, then any action α : G × X → X has an extension over X˜Um1 , where m1 m.
In particular, if the product G × X satisﬁes the rectangle condition, then the action is extendable over the Stone–Cˇech compactiﬁ-
cation of X , the Hewitt realcompactiﬁcation of X and the Dieudonné completion of X (in fact they coincide in this case). If the product
G × X is strongly rectangular, then the action is extendable over the Hewitt realcompactiﬁcation of X and the Dieudonné completion
of X .
Different rectangular conditions on the product G × X are suﬃcient conditions for the actions’ extensions.
Theorem 3.8. There are
(1) a G-space X which is not G-Tychonoff but the product G × X is rectangular;
(2) a G-Tychonoff space X such that the product G × X is not rectangular;
(3) a group G and a pseudocompact space X such that the product G × X is not rectangular;
(4) a G-space X which has no Dieudonné complete G-extensions.
Proof. (1) Megrelishvili in [15] gave an example of a metrizable G-space with metrizable acting group which is not
G-Tychonoff. Hence, the product G × X is rectangular (see, for example, [12, Proposition 3.1]).
(2) If the product G × X is rectangular, then by Corollary 2.6 the action has an extension over μX . If X is pseudocompact
then μX = βX . Sokolovskaya [24, Theorem 7] constructed an example of a pseudocompact G-Tychonoff space X which
maximal G-compactiﬁcation is not βX . Hence, G × X is not rectangular.
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Hence, G × X is not rectangular and the G-space X has no Dieudonné complete G-extensions (every Dieudonné complete
extension of X is compact). 
4. Semi-uniform products and actions’ extensions
4.1. Bounded actions
For an action α : G × X → X on a G-space X with uniformity U the following conditions are equivalent (see, for exam-
ple, [16]):
(1) for any u ∈ U there exists O ∈ NG(e) such that the cover {Ox: x ∈ X} = {α(O , x): x ∈ X} is a reﬁnement of u;
(2) for any u ∈ U there are O ∈ NG(e) and v ∈ U such that O v  u.
An action satisfying either condition (1) or (2) is called bounded [26]. Uniformity U on a G-space X is an equiuniformity [14]
if it is saturated and the action is bounded with respect to U .
Proposition 4.1. If U is a totally bounded uniformity on a G-space X, satisfying condition (F), then U is an equiuniformity.
Proof. If U satisﬁes condition (F) then by Theorem 2.1 completion X˜U is the compact G-space. Hence, the unique uniformity
on X˜U is an equiuniformity [27, Proposition 7.3.6] and its restriction to X coincides with U and is an equiuniformity. 
The poset Umax = {Umax( X˜): X˜ is a G-extension of X} has the maximal element Usup .
Corollary 4.2. If Usup is
(a) an equiuniformity, then all elements of Umax are equiuniformities;
(b) totally bounded, then all G-extensions are compact.
Proof. (a) and (b) follow from Corollary 2.3 and the fact that Usup > U , U ∈ Umax . 
Every uniformity on a pseudocompact space is totally bounded. The following corollary is a generalization of the result
of J. de Vries [27, Proposition 7.3.6] about boundedness of action on a compact G-space.
Corollary 4.3. On a pseudocompact G-space X every uniformity which satisﬁes condition (F) is an equiuniformity.
Remark 4.4. Below we present some evident observations.
(a) The natural action of R (with a standard metric) on itself by left translations is an example of a G-space for which the
metric uniformity is an equiuniformity and the action is not bounded in the ﬁne uniformity. However, both uniformities
are complete.
(b) If the action on a space X is bounded in the ﬁne uniformity, then it is equiuniformity and the action is bounded by any
uniformity on X .
(c) If the ﬁne uniformity on a Dieudonné complete G-space X is totally bounded, then X is compact and, hence, the ﬁne
uniformity is equiuniformity.
For uniform spaces X and Y let U (X, Y ) denote the set of all uniformly continuous maps from X to Y with uniformity
(and topology) of uniform convergence. A map f on the product of uniform spaces A and B into uniform space Z is called
semi-uniform if the formula f ∗(a)(b) = f (a,b) deﬁnes a uniformly continuous map f ∗ : A → U (B, Z). The semi-uniform
product A ∗ B is the space A × B with the weak uniformity induced by all semi-uniform maps onto metric spaces [10,
Section 2] and [11, Ch. III]. The uniform covers of A ∗ B are precisely those covers which admit the reﬁnement by normal
sequences where each term has a reﬁnement of the form {{Uα × V αβ : β ∈ Bα}: α ∈ D}, where {Uα: α ∈ D} is a uniform
cover of A and for each α ∈ D , {V αβ : β ∈ Bα} is a uniform cover of B [11, Ch. III, 23]. Denote by U ∗V the uniformity of the
semi-uniform product A ∗ B .
Proposition 4.5. Let U and V be uniformities on A and B respectively. Then
A˜U × B˜V is homeomorphic to A˜ × BU∗V .
Proof. For a complete space Z any semi-uniform map f : A ∗ B → Z can be extended to the semi-uniform map
f˜ : A˜U × B˜V → Z . Indeed, the space U (B, Z) is complete [11, Ch. III, Theorem 31]. Besides, spaces U (B, Z) and U (B˜V , Z)
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map f˜ ∗ : A˜U → U (B˜V , Z). Hence, the map f˜ : A˜U × B˜V → Z , f˜ (a,b) = f˜ ∗(a)(b), is semi-uniform.
Evidently, every uniformly continuous map on the complete product space A˜U × B˜V is semi-uniform. Thus, the semi-
uniform product A˜U ∗ B˜V is complete, it is the completion of the semi-uniform product A ∗ B (see, for example, [7, Theo-
rem 8.3.12]) and A˜U × B˜V is homeomorphic to A˜U ∗ B˜V [11, Ch. III, Theorem 22]. 
Corollary 4.6. Every semi-uniform map f : A × B → Z has an extension to the semi-uniform map f˜ : A˜U × B˜V → Z˜ .
Theorem 4.7. If U is a saturated uniformity on a G-space X then the following conditions are equivalent:
(E) U is an equiuniformity on X,
(SUR) the action α : G × X → X is semi-uniform with respect to the right uniformity R on G.
Proof. (E) ⇒ (SUR). If U is an equiuniformity on X and u ∈ U then there is O ∈ NG(e) such that {Ox: x ∈ X}  u. If
h1,h2 ∈ Og for g ∈ G , then we have {α(h1, x),α(h2, x)} ⊂ α(Og, x) = α(O ,α(g, x)), x ∈ X . Thus, for arbitrary x ∈ X points
α(h1, x), α(h1, x) are in some element U (x) ∈ u. Hence, the map α∗ : G → U (X, X) is uniformly continuous with respect to
the right uniformity R on G . This ﬁnishes the proof that α is a semi-uniform map.
(SUR) ⇒ (E). If the action α : G × X → X is semi-uniform with respect to the right uniformity R on G , then the map
α∗ : G → U (X, X) is uniformly continuous. Thus, for any u ∈ U there is O ∈ NG(e) such that for arbitrary x ∈ X and any
h ∈ Og points α(h, x) and α(g, x) belong to some element U (x) ∈ u. Hence, for any u ∈ U there is O ∈ NG(e) such that
{Ox: x ∈ X}  u. This yields that U is the equiuniformity on X . 
Corollary 4.8. If U is an equiuniformity on X, then the action α : G × X → X is extendable to the semi-uniform map α¯ : G¯R ×
X˜U → X˜U . Moreover, the restriction αˆ of α¯ to Gˆ × X˜U is an action, and U˜ is the equiuniformity.
Proof. By Theorem 4.7 the action α : G × X → X is semi-uniform with respect to the right uniformity R on G . By Corol-
lary 4.6 the map α has extension to the semi-uniform map α¯ : G¯R × X˜U → X˜U . The rest follows from the embedding
Gˆ ⊂ G¯R and the principle of the extension of identities. 
Theorem 4.9. If the projection π : G × X → G is z-closed and U is a saturated uniformity on X satisfying the condition that
for any u ∈ U there exist v ∈ U and {O (V ) ∈ NG(e): V ∈ v} such that for any V ∈ v we have α(O (V ), V ) ⊂ U for some U ∈ u,
then U is an equiuniformity.
Proof. Without loss of generality we may assume that v is a locally ﬁnite family of cozero-sets [7] and sets O (V ), V ∈ v , are
also cozero-sets. Then the set W =⋃{O (V )×V : V ∈ v} is a cozero-set and {e}× X ⊂ W . Since the projection π : G× X → G
is z-closed, there exists O ∈ NG(e) such that O × X ⊂ W . Hence, O v  u. 
The following corollary is the generalization of item (D) (and, consequently, (E)) in Corollary 3.5.
Corollary 4.10. If X is a pseudocompact G-space and G is a group such that the projection G × X → G is z-closed (in particular, G is
a b f -group), then the action α : G × X → X has extension α˜ : G¯R × βX → βX which restriction to Gˆ × βX is the action.
Proof. If the projection G × X → G is z-closed then the product G × X is rectangular (see, for example, [12, Theorem 3.36]).
Hence, for any u ∈ Uμ(X) there is σ -locally ﬁnite cover w of G × X consisting of cozero-set rectangles such that α(w)  u.
There is a subsystem {Uα × Vα: α ∈ A} of cozero-set rectangles which covers ﬁber {e} × X and {Vα: α ∈ A} ∈ Uμ . By The-
orem 4.9 Uμ(X) is the equiuniformity and Uμ(X) = Uβ(X), since X is pseudocompact. The rest follows from Corollary 4.8.
If G is a b f -group, then the projection G × X → G is z-closed by Lemma 3.4 (see, for example, Corollary 4.6 [13]). 
4.2. Uniformly equicontinuous actions
The action α : G × X → X on a uniform space (X,U) is uniformly equicontinuous if for each u ∈ U there is v ∈ U such
that gv  u for any g ∈ G .
Theorem 4.11. If U is a saturated uniformity on a G-space X then the following conditions are equivalent:
(UE) the action α : G × X → X is uniformly equicontinuous on X,
(SUL) the action α : G × X → X is semi-uniform on the product G × X (with X the ﬁrst and G the second factor of the semi-uniform
product) with respect to the left uniformity L on G.
1870 K.L. Kozlov / Topology and its Applications 159 (2012) 1863–1874Proof. (UE) ⇒ (SUL). Let us show that for any u ∈ U there are v ∈ U and the system {O (V ) ∈ NG(e): V ∈ v}, such that
for any V ∈ v we have α(O (V ), V ) ⊂ U for some U ∈ u.
For u ∈ U let u′ be the star reﬁnement of u. Let v ∈ U be such that gv  u′ for any g ∈ G . Without loss of generality
we may assume that v is an open cover of X . For V ∈ v take any x ∈ V and O (V ) ∈ NG(e) such that α(O (V ), x) ⊂ V . Then,
α(O (V ), V ) =⋃{α(g, y): g ∈ O (V ), y ∈ V }. For any y ∈ V and g ∈ O (V ) we have α(g, y) ∈ St(α(g, x),u′) ⊂ St(V ,u′) ⊂
St(U ′,u′) for some ﬁxed U ′ ∈ u′ . Hence, α(O (V ), V ) ⊂ St(U ′,u′) ⊂ U for some U ∈ u.
For u ∈ U let u′ ∈ U be such that gu′  u for any g ∈ G . Let v ∈ U and the system {O (V ) ∈ NG(e): V ∈ v} be such
that for any V ∈ v we have α(O (V ), V ) ⊂ U ′ for some U ′ ∈ u′ . Then, for any V ∈ v and g ∈ G we have α(gO (V ), V ) =
α(g,α(O (V ), V )) ⊂ U for some U ∈ u. Hence, α is semi-uniform on X × G with respect to the left uniformity L on G .
(SUL) ⇒ (UE). For any u ∈ U there are v ∈ U and the system {O (V ) ∈ NG(e): V ∈ v}, such that for any V ∈ v and g ∈ G
we have α(gO (V ), V ) ⊂ U for some U ∈ U . Hence, gv  u for any g ∈ G . 
Corollary 4.12. If the action α : G × X → X on a uniform space (X,U) is uniformly equicontinuous, then it has an extension to the
semi-uniform map α¯ : G¯L × X˜U → X˜U . Moreover, the restriction αˆ of α¯ to Gˆ × X˜U is the action.
Proof. By Theorem 4.11 the action α : G × X → X is semi-uniform with respect to the left uniformity L on G . By Corol-
lary 4.6 the map α is extended to the map α¯ : G¯L × X˜U → X˜U . The rest follows from the embedding Gˆ ⊂ G¯L and the
principle of the extension of identities. 
The following corollary is the generalization of items (C), in case G is a pseudocompact group, and (E) of Corollary 3.5.
Corollary 4.13. If G a pseudocompact group and X is a space such that the projection G × X → X is z-closed (in particular, X is a
b f -space), then the action α : G × X → X on a uniform space (X,Uμ(X)) is uniformly equicontinuous. Hence, it has an extension
α˜ : G¯ × μX → μX.
Proof. Since the projection G × X → X is z-closed, the action α is a semi-uniform map on the product G × X (with X the
ﬁrst and G the second factor of the semi-uniform product) with the ﬁne uniformities Uμ(X) on X and Uμ(G) on G [20, The-
orem 1.6]. For a pseudocompact group G we have βG = μG = G¯ = G¯R = G¯L = Gˆ [5]. Hence, α is uniformly equicontinuous.
The rest follows from Corollary 4.12.
If X is a b f -space and G is pseudocompact, then the projection G × X → X is z-closed by Lemma 3.4 (see also Corol-
lary 4.6 [13]). 
Remark 4.14. If a group G and a space X are pseudocompact, then for any action α : G × X → X we have:
(1) α is uniformly equicontinuous in the ﬁne uniformity Uμ = Uβ on X ,
(2) Uμ is the equiuniformity.
4.3. Quasibounded actions
Deﬁnition 4.15. A map f on the product of uniform spaces (A,U) and (B,V) into uniform space (Z ,W) is piecewise semi-
uniform if for any w ∈ W there is a system of uniform covers {u ∈ U; v(U ) ∈ V, U ∈ u; u(V ,U ) ∈ U , V ∈ v(U ), U ∈ u}
which satisﬁes the condition:
(psu) for any U ′ ∈ U ∧ u(U , V ), where V ∈ v(U ), U ∈ u, we have f (U ′ × V ) ⊂ W for some W ∈ w .
The piecewise semi-uniform product A ∗p B is the product A × B with the weak uniformity induced by all piecewise semi-
uniform maps onto metric spaces and topology induced by this uniformity.
Remark 4.16. Evidently every semi-uniform map is piecewise semi-uniform.
The restriction of a piecewise semi-uniform map f : A × B → Z to any ﬁber {x} × B , x ∈ A, is uniformly continuous with
respect to uniformities V on B and W on Z .
Recall that for a uniform space (A,U) a cover u′ is called uniformly locally uniform [11, Ch. VII] if there are a uniform
cover u ∈ U and a system of uniform covers {u(U ) ∈ U : U ∈ u}, such that any U ′ ∈ u′ is of the form U ∩ U (U ), U ∈ u,
U (U ) ∈ u(U ). For the restriction of the piecewise semi-uniform map f : A × B → Z to any ﬁber A × {y}, y ∈ B , and any
w ∈ W there is a uniformly locally uniform cover u′ of A such that f |A×{y}(u′)  w , where A and A × {y}, y ∈ B , are
naturally identiﬁed.
Proposition 4.17. For uniform spaces (A,U) and (B,V) a map of A ∗p B into (Z ,W) is uniformly continuous iff it is piecewise
semi-uniform. The piecewise semi-uniform product A ∗p B is homeomorphic to the product A × B.
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form f −1k (wk), where fk is piecewise semi-uniform, k = 1, . . . ,n, and
∧{ f −1k (wk): k = 1, . . . ,n} reﬁnes g−1(w). For ev-
ery fk there is a system of uniform covers {uk ∈ U; vk(U ) ∈ V, U ∈ uk; uk(V ,U ) ∈ U , V ∈ vk(U ), U ∈ uk} which satisﬁes
condition (psu), k = 1, . . . ,n.
Take u ∧{uk: k = 1, . . . ,n}; for U ∈ u, U ⊂⋂{Uk ∈ uk: k = 1, . . . ,n}, take v(U ) ∧{vk(Uk): k = 1, . . . ,n}; and for
V ∈ v(u), V ⊂⋂{Vk ∈ vk: k = 1, . . . ,n} take u(V ,U ) ∧{uk(Vk,Uk): k = 1, . . . ,n}. It is easy to check that for w ∈ W the
system of uniform covers {u ∈ U; v(U ) ∈ V, U ∈ u; u(V ,U ) ∈ U , V ∈ v(U ), U ∈ u} satisﬁes condition (psu) for g . Hence,
g is piecewise semi-uniform. The converse is evident.
The uniformity on A ∗p B is ﬁner than the product uniformity. Consequently, open sets of A × B are open in A ∗p B . Let
O be an open subset of A ∗p B and (x, y) ∈ O . There is a piecewise semi-uniform map f : A ∗p B → I such that f ((x, y)) = 1
and f (X \ O ) = 0. For a cover w = {[0,2/3), (1/3,1]} of I there is a system of uniform covers {u ∈ U; v(U ) ∈ V, U ∈ u;
u(V ,U ) ∈ U , V ∈ v(U ), U ∈ u} which satisﬁes condition (psu) for f . All uniform covers may be assumed to be open in A
and B respectively. Hence, there is an open rectangle in A × B containing (x, y) which image is contained in (1/3,1]. Thus
the openness of O in A × B is proved. 
Lemma 4.18. Let for the map f : A → Z of uniform spaces (A,U) and (Z ,W) and for any cover w ∈ W there is a uniformly locally
uniform cover u such that f (u)  w. Then there is an extension f˜ : A˜U → Z˜W of f .
Proof. It is enough to show that the image of any Cauchy ﬁlter F in A is a base of a Cauchy ﬁlter in Z [3, Ch. II, §3,
Proposition 11].
Take any w ∈ W . There is a uniformly locally uniform cover u′ such that f (u′)  w . Let a uniform cover u ∈ U and
a system of uniform covers {u(U ) ∈ U : U ∈ u} be such that any U ′ ∈ u′ is of the form U ∩ U (U ), U ∈ u, U (U ) ∈ u(U ). Since
F is a Cauchy ﬁlter there exist U ∈ u such that U ∈ F and U (U ) ∈ u(U ) such that U (U ) ∈ F . Hence, U ∩ U (U ) ∈ F and
f (U ∩ U (U )) ⊂ W for some W ∈ W . From this it follows that f (F) is a base of a Cauchy ﬁlter in Z . 
Proposition 4.19. Let U and V be uniformities on A and B respectively, and U ∗p V is the uniformity on the piecewise semi-uniform
product A ∗p B. Then
A˜U × B˜V is homeomorphic to A˜ × BU∗pV .
Proof. In order to show that for any complete space Z and any map f : A ∗p B → Z there is the extension of f to the
piecewise semi-uniform map f˜ : A˜U × B˜V → Z we shall do two steps.
The ﬁrst step. There is an extension of f to the piecewise semi-uniform map f˜ : A˜U × B → Z . Indeed, for the restriction
f |A×{y} : A → Z , y ∈ B , and any w ∈ W there is a uniformly locally uniform cover u of A such that f |A×{y}(u)  w where A
and A × {y}, y ∈ B , are naturally identiﬁed. By Remark 4.16 and Lemma 4.18 for any y ∈ B there is a continuous extension
f˜ |A×{y} : A˜U ×{y} → Z . Thus, the map f˜ : A˜U × B → Z is well deﬁned (its continuity is not yet proved). Let us note that by
Proposition 4.17 the condition of piecewise semi-uniformity of a map yields it continuity.
For w ∈ W let w ′ be the star reﬁnement of w . For w ′ there is a system of uniform covers {u ∈ U; v(U ) ∈ V, U ∈ u;
u(V ,U ) ∈ U , V ∈ v(U ), U ∈ u} which satisﬁes condition (psu) for f . For a uniformity U˜ on A˜U let the system of uniform
covers {u˜ ∈ U˜; v(U˜ ) ∈ V, U˜ ∈ u˜; u˜(V , U˜ ) ∈ U˜ , V ∈ v(U˜ ), U˜ ∈ u˜} be such that u˜ ∧ A = u, u˜(V , U˜ ) ∧ A = u(V ,U ), V ∈ v(U˜ ),
U˜ ∈ u˜, U = U˜ ∩ A. Without loss of generality we may assume that all uniform covers are open. Then for any U˜ ′ ∈ U˜ ∧ u˜(U˜ , V ),
V ∈ v(U˜ ), U˜ ∈ u˜, we have f˜ (U˜ ′ × V ) ⊂ St(W ′,w ′) for some ﬁxed W ′ ∈ w ′ . Indeed, since f (U ′ × V ) ⊂ W ′ for some W ′ ∈ w ′ ,
and U ′ × {y} is dense in U˜ ′ × {y} for any y ∈ V , it follows that f˜ (U˜ ′ × V ) =⋃{ f˜ (U˜ ′ × {y}): y ∈ V } ⊂⋃{clZ ( f (U ′ × {y})):
y ∈ V } ⊂ clZ W ′ . Since clZ W ′ ⊂ St(W ′,w ′) ⊂ W for some W ∈ w , the extension f˜ : A˜U × B → Z is a piecewise semi-
uniform map.
In the second step we shall show that the piecewise semi-uniform map g : A′ × B → Z has an extension to the piecewise
semi-uniform map g˜ : A′ × B˜V → Z . By Remark 4.16 for any x ∈ A′ there is a continuous extension g˜|{x}×B : {x} × B˜V → Z .
Thus, the map g˜ : A′ × B˜V → Z is well deﬁned (its continuity is not yet proved). Let us prove that it is piecewise semi-
uniform.
For w ∈ W let w ′ be the star reﬁnement of w . For w ′ there is a system of uniform covers {u ∈ U; v(U ) ∈ V, U ∈ u;
u(V ,U ) ∈ U , V ∈ v(U ), U ∈ u} which satisﬁes condition (psu) for g . For a uniformity V˜ on B˜V let the system of uniform
covers {u ∈ U; v˜(U ) ∈ V˜, U ∈ u; u˜(V˜ ,U ) ∈ U , V˜ ∈ v˜(U ), U ∈ u} be such that V˜ ∩ B = V , v˜(U ) ∧ B = v(U ), U ∈ u. Without
loss of generality we may assume that all uniform covers are open. Then for any U ′ ∈ U ∧ u(U , V˜ ), V˜ ∈ v˜(U ), U ∈ u, we
have g˜(U ′ × V˜ ) ⊂ St(W ′,w ′) for some W ′ ∈ w ′ . Indeed, since g(U ′ × V ) ⊂ W ′ for some ﬁxed W ′ ∈ w ′ , and {x} × V is
dense in {x} × V˜ , x ∈ U ′ , it follows that g˜(U ′ × V˜ ) =⋃{g˜({x} × V˜ ): x ∈ U ′} ⊂⋃{clZ (g({x} × V )): x ∈ U ′} ⊂ clZ W ′ . Since
clZ W ′ ⊂ St(W ′,w ′) ⊂ W for some W ∈ w , the extension g˜ : A × B˜V → Z is the piecewise semi-uniform map.
These two steps prove the possibility to extend the piecewise semi-uniform map to the piecewise semi-uniform map on
the product of complete spaces A˜U × B˜V . The piecewise semi-uniform product A˜U ∗p B˜V is complete, since its uniformity
is ﬁner than the product uniformity. Hence,
A˜U × B˜V is homeomorphic to A˜ × BU∗pV . 
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B˜V → Z˜ .
The product, the semi-uniform product and the piecewise semi-uniform product uniformities are equivalent and the completions
with respect to them are homeomorphic to the product A˜U × B˜V of completions.
An action α : G × X → X on a uniform G-space (X,U) is quasibounded [14] if for any u ∈ U there are O ∈ NG(e) and
v ∈ U such that gv  u for any g ∈ O . Every uniformly equicontinuous action is quasibounded.
Theorem 4.21. If U is a saturated uniformity on a G-space X then the following conditions are equivalent:
(QU) the action α : G × X → X is quasibounded,
(SURL) the action α : G × X → X is piecewise semi-uniform on the product G × X with respect to the two-sided uniformity R ∨ L
on G.
Proof. (QU) ⇒ (SURL). For w ∈ U there are u ∈ U and O ∈ NG(e) such that gu  w for any g ∈ O .
Let us show that there are v ∈ U and a system {O (V ) ∈ NG(e): V ∈ v}, such that for every V ∈ v we have α(O (V ), V ) ⊂
U for some U ∈ u. Let u′ be the star reﬁnement of u and O ′ ∈ NG(e), v ∈ U be such that gv  u′ for any g ∈ O ′ . Without
loss of generality we may assume that u′ is an open cover of X . For V ∈ v take any x ∈ V and O (V ) ∈ NG(e) such that
α(O (V ), x) ⊂ U ′ for some ﬁxed U ′ ∈ u′ . Then α(O (V ), V ) =⋃{α(g, V ): g ∈ O (V )} ⊂ St(U ′,u′) ⊂ U for some U ∈ u.
For every g ∈ O and V ∈ v we have α(gO (V ), V ) = α(g,α(O (V ), V )) ⊂ α(g,U ), where U ∈ u. Hence, α(gO (V ), V ) ⊂ W
for some W ∈ w .
It is easy to check that the system of uniform covers {{Og: g ∈ G} ∈ R ∨ L; v(Og) = g−1v ∈ U , g ∈ G; u(V , Og) =
{hO (V ): h ∈ G} ∈ R ∨ L, V ∈ v(Og), g ∈ G} satisﬁes condition (psu). Since w ∈ U is arbitrary the action is piecewise
semi-uniform on the product G × X with respect to the two-sided uniformity R ∨ L on G .
(SURL) ⇒ (QU). For any w ∈ U there is a system of uniform covers {u ∈ R ∨ L; v(U ) ∈ U , U ∈ u; u(V ,U ) ∈ R ∨ L,
V ∈ v(U ), U ∈ u} which satisﬁes condition (psu). Hence, gv(U )  w for any g ∈ U , where U ∈ NG(e). 
Corollary 4.22. If the action α : G × X → X on the uniform space (X,U) is quasibounded and U is saturated, then it is extendable to
the quasibounded action α˜ : Gˆ × X˜U → X˜U .
Proof. By Theorem 4.21 the action α : G × X → X is piecewise semi-uniform with respect to the two-sided uniformity
R ∨ L on G . By Corollary 4.20 the map α is extendable to the piecewise semi-uniform map α˜ : Gˆ × X˜U → X˜U . The rest
follows from Theorem 4.21. 
Theorem 4.23. If for the action α : G × X → X there is O ∈ NG(e) such that the projection π : clG O × X → X is z-closed and
R ∨ L|clG O = Uμ(G)|clG O , then the action is quasibounded with ﬁne uniformity Uμ(X) on X and, hence, there is the quasibounded
extension α˜ : Gˆ × μX → μX.
Proof. If the projection π : clG O × X → X is z-closed then the semi-uniform product X ∗ clG O is ﬁne if the uniformities
on factors are ﬁne [20, Theorem 1.6]. Hence, in any normal cover of clG O × X a cover of the form {{V × U : V ∈ v(U )}:
U ∈ u}, where u ∈ Uμ(X) and v(U ) ∈ Uμ(G)|clG O = R∨L|clG O , U ∈ u, is reﬁned. Thus the condition of quasiboundedness is
fulﬁlled. 
Corollary 4.24. If G is a locally compact group and X is an arbitrary space or G is a locally pseudocompact and X is a b f -space, then the
action α : G × X → X is quasibounded with ﬁne uniformity Uμ(X) on X, and there is the quasibounded extension α˜ : Gˆ ×μX → μX.
Proof. Take O ∈ NG(e) such that clG O is either compact or pseudocompact. Then the projection π : clG O × X → X is
evidently z-closed in case clG O is compact. It is z-closed in case clG O is pseudocompact by Lemma 3.4 (take into con-
sideration that any bounded subset of clG O is, evidently, a bounded subset of G and use Corollary 4.6 in [13]). Equality
R ∨ L|clG O = Uμ(G)|clG O evidently holds for locally compact group and holds for locally pseudocompact group by [6, The-
orem 2.6]. It remains to use Theorem 4.23. 
Remark 4.25. Corollary 4.24 in case of a locally compact group is proved in [17, Proposition 3.7] and in case G is locally
pseudocompact and X is a b f -space the existence of extension α˜ : Gˆ × μX → μX is proved in [2, Theorem 4].
Using the procedure from [14], for a uniform G-space (X,U) with action α : G × X → X let UG be all covers of X which
admit reﬁnement by covers of the form
{α(O ,U ): U ∈ u}, O ∈ NG(e), u ∈ U .
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Proof. Take g ∈ G and u ∈ UG . There are O ∈ NG(e) and v ∈ U such that O v  u. Take W ∈ NG(e) such that Wg ⊂ gO .
Then gO v  gu and Wgv  gO v . Since gv ∈ U and Wgv  gu, it follows that gu ∈ UG . 
Theorem 4.27. If the action α : G × X → X on a uniform space (X,U) with saturated uniformity U is quasibounded then UG is the
equiuniformity and X˜U is embedded in X˜UG .
Proof. By [14, Proposition 3] and Lemma 4.26 UG is equiuniformity. By [17, Lemma 2.1] the action α˜ : G × X˜U → X˜U
is quasibounded. Let U˜ be the uniformity on Y = X˜U which restriction on X is U . It is saturated. If we show that the
restriction of equiuniformity U˜G to X is UG then X˜UG = Y˜ U˜G and X˜U ⊂ X˜UG .
For u˜ ∈ U˜ let u = u˜ ∧ X ∈ U . Since X is an invariant subset of X˜U , for any O ∈ NG(e) we have Ou˜ ∧ X = O (u˜ ∧ X) =
Ou ∈ UG . Hence, U˜G |X = UG . 
The poset of uniformities with respect to which the action α : G × X → X is quasibounded (respectively bounded) has
the maximal element Uqb-max (respectively Ub-max). Evidently, Uqb-max and Ub-max are saturated.
Proposition 4.28. UGqb-max = Ub-max.
Proof. From inequalities Uqb-max  Ub-max , Ub-max  UGqb-max , and equality UGb-max = Ub-max the proof follows. 
From Proposition 4.28 and Corollary 4.24 we have
Corollary 4.29. If the action α : G × X → X is quasibounded with respect to the ﬁne uniformity Uμ(X) on X, then the maximal
equiuniformity is Uμ(X)G and βG X is the Samuel compactiﬁcation of X with respect to Uμ(X)G [14].
βG X is the Samuel compactiﬁcation of X with respect to Uμ(X)G for any action α : G × X → X if
(1) G is a locally compact group and X is an arbitrary Tychonoff space;
(2) G is a locally pseudocompact group and X is an arbitrary b f -space.
5. Restriction of uniformities on bounded subsets
Denote by F(Y ) the complete upper semilattice of all uniformities on Y and for X ⊂ Y by F(Y )|X the semilattice of
restrictions of uniformities from F(Y ) on X (relatively equal [13, Deﬁnition 2.1] uniformities are identiﬁed). Observe, that
F(Y )|X ⊂ F(X).
Lemma 5.1. If |clβY X \ Y | 1 then X is a bounded subset of Y .
Proof. If X is not bounded then there is f ∈ C(Y ) such that f |X is not bounded. Using the standard arguments we can
ﬁnd a countable subset N ⊂ X which is discrete and C∗-embedded in Y . Hence, clβY N \ Y is homeomorphic to βN \ N and
clβY N \ Y ⊂ clβY X \ Y . 
Remark 2.15 in [13] is false. Moreover, Proposition 2.14 from [13] can be formulated more exactly.
Proposition 5.2. For X ⊂ Y |F(Y )|X | = 1 iff |clβY X \ Y | 1.
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